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WEIGHTED NORM INEQUALITIES FOR FOURIER
SERIES ON THE RING OF INTEGERS OF A LOCAL
FIELD
MD. NURUL MOLLA AND BISWARANJAN BEHERA
Abstract. Let Snf be the n-th partial sum of the Fourier series of a
function f in L1(D), where D is the ring of integers of a local field K.
For 1 < p <∞, we characterize all weight functions w such that for any
function f ∈ Lp(D, w), we have f ∈ L1(D) and the partial sum operators
Sn, n ≥ 0, are uniformly bounded on L
p(D, w). This includes the case
where K is a p-adic number field or a p-series field, and in particular,
when D is the ring of the integers of Walsh-Paley or dyadic group 2ω. As
an application, in a local field K of positive characteristic, we provide a
necessary and sufficient condition on a function ϕ ∈ L2(K) so that the
collection of translates of ϕ forms a Schauder basis for its closed linear
span. Moreover, we establish sharp bounds for the Hardy-Littlewood
maximal operator. D
1. Introduction and Main Results
A field K equipped with a topology is called a local field if both the addi-
tive and multiplicative groups of K are locally compact abelian groups. The
locally compact, nondiscrete, complete fields have been completely charac-
terized and are either connected or are totally disconnected. If the field
is connected, then it is either the field of real or complex numbers. The
totally disconnected fields can be of characteristic zero or positive. If K is
of characteristic zero, then it is either the p-adic field Qp for some prime p,
or a finite extension of such a field. If K has positive characteristic, then
it is a field of formal power series over a finite field GF (pc). If c = 1, then
it is a p-series field and if c > 1, then K is an algebraic extension of degree
c of a p-series field. We refer to Chapter 1 of [17] and Chapter 4 of [14]
for the details of this classification. In this article, we shall study weighted
norm inequalities of the partial sum operators of Fourier series of functions
defined on the ring of integers of a totally disconnected, locally compact,
nondiscrete, complete field K. Henceforth, all such field K will be called a
local field throughout this article.
We now briefly present some notation which will allow us to state our
results. For more details, we refer to Section 2. Let K be a local field.
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Then, there is an integer q = pc, where p is a prime and c is a positive
integer. There is also a natural norm | · | on K such that |x| = qk for some
integer k if x ∈ K and x 6= 0 and |0| = 0. Let dx be a Haar measure on the
additive group K+. Then d(αx) = |α| dx for all α ∈ K∗ = K \ {0}.
Let D = {x ∈ K : |x| ≤ 1} be the ring of integers in K. We normalize
the Haar measure so that |D| =
∫
D
1 dx = 1. Let Λ = {u(n) : n ≥ 0}
be a complete set of distinct coset representatives of D in K. Let χ be a
fixed character on K which is trivial on D but non-trivial on P−1 = {x ∈
K : |x| ≤ q}. For y ∈ K, define χy(x) = χ(yx). Then it follows that
{χu(n) : n ≥ 0} is a complete set of distinct characters on D so that it forms
an orthonormal basis for L2(D). A function f on K is said to be Λ-periodic
if f
(
x+ u(n)
)
= f(x) for all n ≥ 0 and for a.e. x ∈ K.
For n ≥ 0, the n-th Fourier coefficient of a function f ∈ L1(D) is defined
by
fˆ
(
u(n)
)
=
∫
D
f(x)χu(n)(x) dx.
The Fourier series of f is
f(x) ∼
∞∑
n=0
fˆ
(
u(n)
)
χu(n)(x).
For n ≥ 0, let Snf be the n-th partial sum of the Fourier series of f :
Snf(x) =
n−1∑
k=0
fˆ
(
u(k)
)
χu(k)(x).
A weight w on K is a locally integrable function on K which is positive
almost everywhere. The spaces Lp(w) and Lp(D, w) are the usual spaces of
p-integrable functions on K and D respectively with respect to the weight
w.
In [16] and [17], Taibleson proved that the partial sum operators Sn, n ≥ 0,
are uniformly bounded on Lp(D) for all p > 1. In this article, we prove a
weighted version of this result. We characterize all weights w on K such that
for any f ∈ Lp(D, w), we have f ∈ L1(D) and the partial sum operators
Sn, n ≥ 0, are uniformly bounded on the weighted spaces L
p(D, w), 1 < p <
∞.
Our main result in this article is the following.
Theorem 1.1. Let K be a local field, w be a Λ-periodic weight function on
K and 1 < p <∞. Then, the following statements are equivalent.
(a) There is a positive constant C such that( 1
|S|
∫
S
w(x) dx
)( 1
|S|
∫
S
w(x)
− 1
p−1 dx
)p−1
≤ C(1.1)
for every sphere S in K.
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(b) There is a positive constant C, depending only on w and p, such that
for every f ∈ Lp(D, w), we have f ∈ L1(D) and∫
D
|Snf(x)|
pw(x) dx ≤ C
∫
D
|f(x)|pw(x) dx(1.2)
for n = 0, 1, 2, . . . .
(c) For every Λ-periodic function f ∈ Lp(D, w), we have f ∈ L1(D) and
Snf → f in L
p(w)-norm as n→∞.
For 1 < p < ∞, a weight w on K satisfying (1.1) is called an Ap-weight.
The infimum of all such C appearing in (1.1) is called the Ap-characteristic
of w and is denoted by [w]Ap .
For the circle T, Hunt et al. addresses the uniform boundedness of the
Fourier partial sum operators in weighted Lp spaces in [8] (see Theorem 8).
Adapting the methods of [8] and [5], Young in [19] extended this result
to the Vilenkin groups. A Vilenkin group G is a direct product of cyclic
groups of order pi, where each pi is an integer greater than or equal to 2. In
particular, if we take each pi to be equal to a prime p, then G becomes the
ring of integers of the p-series field. On the other hand, the ring of integers
of a p-adic field Qp is not a Vilenkin group. Our result in this article is on
the ring of integers D of a general local field which, of course, includes Qp
and the p-series fields as special cases. The Walsh-Paley or dyadic group
2ω can be represented as the closed interval [0, 1] or it can be identified
with the additive group of the ring of integers in the 2-series field, i.e., the
field of formal Laurent series over GF (2). Hence, our result is also valid
for Walsh-Paley group. It is also applicable to the p-adic fields which are
not included in Young’s result. Our method of proof is different from those
employed in [8] and [19]. We use some techniques from the theory of regular
singular integral operators (see, e.g., Chapter IV of [7]). Hence, this also
gives another proof for the case of Vilenkin groups which are the products
of cyclic groups of the same order p.
We provide an application of our main result to the theory of Schauder
bases on shift-invariant spaces. Before stating this result, we consider a
more general problem. Let K be a local field, Γ be a countable set in K,
and ϕ ∈ L2(K). Define
V (ϕ,Γ) = span{ϕ(· − γ) : γ ∈ Γ}.
We consider the following problem: When does the system of translates
{ϕ(· − γ) : γ ∈ Γ} form an orthonormal basis/Scahuder basis for the space
V (ϕ,Γ)?
If K = Qp, the field of p-adic numbers, then we can answer this question
using Fuglede’s conjecture on Qp.
Theorem 1.2. A Borel set Ω of positive and finite Haar measure in Qp is
a spectral set if and only if it tiles Qp by translations.
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We say that Ω tiles Qp by translations if there exists a set T ⊂ Qp such
that
∑
t∈T 1Ω(x− t) = 1 for a.e. x ∈ Qp. The set Ω is said to be a spectral
set if there exists a set S ⊂ Qp such that {χs : s ∈ S} is an orthonormal
basis for L2(Ω). Theorem 1.2 was recently proved by Fan, Fan, Liao, and
Shi [6]. Using this theorem we can prove the following result.
Theorem 1.3. Let Ω be a Borel set of positive and finite Haar measure in
Qp. Let ϕ ∈ L
2(Qp) with suppϕ ⊆ Ω and |ϕˆ| = 1 on Ω. If Ω tiles Qp by
translations, then there exists Γ ⊂ Qp such that {ϕ(· − γ) : γ ∈ Γ} forms an
orthonormal basis for V (ϕ,Γ). The converse is also true.
Fuglede’s conjecture is still open for general local fields, in particular for
local fields of positive characteristic. Nevertheless, for the set Γ = {u(k) :
k ∈ N0}, we characterize the function ϕ in terms of A2-weight extending the
results from the Euclidean setting [11].
Theorem 1.4. Let K be a local field of positive characteristic and ϕ ∈
L2(K). Then, the family {ϕ(· − u(k)) : k ∈ N0} is a Schauder basis for
V (ϕ,Γ) if and only if wϕ ∈ A2(D), where wϕ(ξ) =
∑∞
n=0 |ϕˆ(ξ + u(n))|
2.
The rest of the article is organized as follows. In Section 2, we fix ter-
minologies and recall some basic facts about local fields. In Section 3, we
discuss about the boundedness of the Hardy-Littlewood maximal operator
on weighted spaces on local fields. We also talk about the best possible
power dependence of the operator norm on the Ap-characteristic. We prove
our main result Theorem 1.1 in Section 4. In Section 5, using Theorem 1.1,
we prove Theorem 1.4 and conclude our article with a proof of Theorem 1.3.
2. preliminaries
Let K be a field and a topological space. Then K is called a locally
compact field or a local field if both K+ and K∗ are locally compact abelian
groups, where K+ and K∗ denote the additive and multiplicative groups of
K respectively.
If K is any field and is endowed with the discrete topology, then K is
a locally compact field. Further, if K is connected, then K is either R or
C. If K is not connected, then it is totally disconnected. So, by a local
field, we mean a field K which is locally compact, non-discrete and totally
disconnected. We use the notation of the book by Taibleson [17]. Proofs of
all the results stated in this section can be found in the books [17] and [14].
Let K be a local field. Since K+ is a locally compact abelian group, we
choose a Haar measure dx for K+. If α ∈ K and α 6= 0, then d(αx) is also
a Haar measure. By uniqueness of Haar measure, d(αx) = c dx for some
c > 0. Let c = |α|. We call |α| the absolute value or the valuation of α. We
also let |0| = 0.
The map x→ |x| has the following properties:
(a) |x| = 0 if and only if x = 0;
(b) |xy| = |x||y| for all x, y ∈ K;
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(c) |x+ y| ≤ max{|x|, |y|} for all x, y ∈ K.
Property (c) is called the ultrametric inequality. It follows that
(2.1) |x+ y| = max{|x|, |y|} if |x| 6= |y|.
The set D = {x ∈ K : |x| ≤ 1} is called the ring of integers in K. It is the
unique maximal compact subring of K. Define P = {x ∈ K : |x| < 1}. The
set P is called the prime ideal in K. The prime ideal in K is the unique
maximal ideal in D. It is principal and prime.
Since K is totally disconnected, the set of values |x|, as x varies over K,
is a discrete set of the form {sk : k ∈ Z} ∪ {0} for some s > 0. Hence, there
is an element of P of maximal absolute value. Let p be a fixed element of
maximum absolute value in P. Such an element is called a prime element
of K. It can be proved that D is compact and open. Hence, P is compact
and open. Therefore, the residue space D/P is isomorphic to a finite field
GF (q), where q = pc for some prime p and c ∈ N. For a proof of this fact,
we refer to [17].
For a measurable subset E of K, let |E| =
∫
K
1E(x) dx, where 1E is the
characteristic function of E and dx is the Haar measure of K normalized so
that |D| = 1. Then, it is easy to see that |P| = q−1 and |p| = q−1 (see [17]).
It follows that if x 6= 0, and x ∈ K, then |x| = qk for some k ∈ Z.
Let D∗ = D \P = {x ∈ K : |x| = 1}. It is the group of units in K∗. If
x 6= 0, we can write x = pkx′, with x′ ∈ D∗. Let Pk = pkD = {x ∈ K :
|x| ≤ q−k}, k ∈ Z. These are called fractional ideals. Each Pk is compact
and open and is a subgroup of K+ (see [14]). It follows that |Pk| = q−k for
k ∈ Z.
A set S of the form h+Pk will be called a sphere with centre h and radius
q−k. It is easy to verify the following facts. For a proof, we refer to [17].
Proposition 2.1. (a) Every point of a sphere is its centre.
(b) If two spheres intersect, then one contains the other.
(c) The number of spheres in K is countable.
Let χu be any character on K
+. Since D is a subgroup of K+, the
restriction χu|D is a character on D. Also, as characters on D, χu = χv if
and only if u − v ∈ D. That is, χu = χv if u +D = v +D and χu 6= χv if
(u+D)∩(v+D) = ∅. Hence, if {u(n)}∞n=0 is a complete list of distinct coset
representative of D in K+, then {χu(n)}
∞
n=0 is a list of distinct characters
on D. It is proved in [17] that this list is complete.
Proposition 2.2. Let {u(n)}∞n=0 be a complete list of (distinct) coset rep-
resentatives of D in K+. Then {χu(n)}
∞
n=0 is a complete list of (distinct)
characters on D. Moreover, it is a complete orthonormal system on D.
Given such a list of characters {χu(n)}
∞
n=0, we define the Fourier coeffi-
cients of f ∈ L1(D) as
fˆ
(
u(n)
)
=
∫
D
f(x)χu(n)(x)dx.
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For n ≥ 0, let Snf be the n-th partial sum of the Fourier series of f :
Snf(x) =
n−1∑
k=0
fˆ
(
u(k)
)
χu(k)(x).
The series
∞∑
n=0
fˆ(u(n))χu(n)(x) is called the Fourier series of f .
Let N0 = N ∪ {0}. We will now write χn = χu(n)|D for n ∈ N0. The
Dirichlet kernels are the functions
Dn(x) =
n−1∑
k=0
χk(x), n ≥ 1, and D0(x) ≡ 0.
From the standard L2-theory for compact abelian groups, we conclude that
the Fourier series of f converges to f in L2(D) and Parseval’s identity holds:∫
D
|f(x)|2 dx =
∑
n∈N0
|fˆ
(
u(n)
)
|2.
Also, if f ∈ L1(D) and fˆ
(
u(n)
)
= 0 for all n ∈ N0, then f = 0 a.e.
These results hold irrespective of the ordering of the characters. We
now proceed to impose a natural order on the sequence {u(n) : n ∈ N0}.
Note that Γ = D/P is isomorphic to the finite field GF (q) and GF (q) is
a c-dimensional vector space over the field GF (p). We choose a set {1 =
ǫ0, ǫ1, ǫ2, . . . , ǫc−1} ⊂ D
∗ such that span{ǫj}
c−1
j=0
∼= GF (q). For n ∈ N0 such
that 0 ≤ n < q, we have
n = a0 + a1p+ · · ·+ ac−1p
c−1, 0 ≤ ak < p, k = 0, 1, . . . , c− 1.
Define
(2.2) u(n) = (a0 + a1ǫ1 + · · ·+ ac−1ǫc−1)p
−1.
Note that {u(n) : n = 0, 1, . . . , q−1} is a complete set of coset representatives
of D in P−1 so that we can write
(2.3) P−1 =
q−1⋃
l=0
(
u(l) +D
)
.
Now, for n ≥ 0, write
n = b0 + b1q + b2q
2 + · · ·+ bsq
s, 0 ≤ bk < q, k = 0, 1, 2, . . . , s,
and define
(2.4) u(n) = u(b0) + u(b1)p
−1 + · · · + u(bs)p
−s.
This defines u(n) for all n ∈ N0. In general, it is not true that u(m+ n) =
u(m) + u(n). But it follows that
(2.5) u(rqk + s) = u(r)p−k + u(s) if r ≥ 0, k ≥ 0 and 0 ≤ s < qk.
In the following proposition we list some properties of {u(n) : n ∈ N0}
which will be used in Section 5. We refer to [2] for a proof.
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Proposition 2.3. For n ∈ N0, let u(n) be defined as in (2.2) and (2.4).
Then
(a) u(n) = 0 if and only if n = 0. If k ≥ 1, then |u(n)| = qk if and only
if qk−1 ≤ n < qk.
Moreover, if K is a local field of positive characteristic, then
(b) {u(k) : k ∈ N0} = {−u(k) : k ∈ N0};
(c) for a fixed l ∈ N0, we have {u(l) + u(k) : k ∈ N0} = {u(k) : k ∈ N0}.
2.1. Weight functions and their properties. As mentioned earlier, a
weight w on K is a locally integrable function which is positive a.e. For
any measurable subset A of K, we define w(A) =
∫
A
w(x) dx. We say that
a weight w has the doubling property if there exists a constant C > 0 such
that
w(x+Pk−1) ≤ Cw(x+Pk)
for all k ∈ Z and x ∈ K. We mentioned about the notion of Ap-weights in
the introduction. A weight w is said to be in the Muckenhoupt Ap-class if
there exists a constant C > 0 such that( 1
|S|
∫
S
w(x) dx
)( 1
|S|
∫
S
w(x)−
1
p−1 dx
)p−1
≤ C
for every sphere S in K. In this case, we also say that w is an Ap-weight
or w ∈ Ap. The infimum of all such C appearing above is called the Ap-
characteristic of w and is denoted by [w]Ap . Now, we mention some proper-
ties of the Ap-weights which will be used later. The proof is similar to the
corresponding result on the Euclidean spaces.
Proposition 2.4. Let 1 < p < q <∞ and p′ denote the conjugate index of
p. Then
(a) Ap ⊂ Aq,
(b) w ∈ Ap if and only if w
1−p′ ∈ Ap′.
We will also need the following result. For a proof, we refer to [4].
Theorem 2.1. Let 1 < p < ∞ and w ∈ Ap. Then there exists a constant
C and ǫ > 0, depending only on p and [w]Ap , such that for any sphere S( 1
|S|
∫
S
w(y)1+ǫ dy
) 1
1+ǫ
≤ C
1
|S|
∫
S
w(y) dy.
In the literature, the above inequality is known as the reverse Ho¨lder
inequality. The following simple corollaries of the reverse Ho¨lder inequality
will be useful later.
Corollary 2.1. Suppose w is in the Ap-class, 1 < p < ∞. Then, there
exists 1 < r < p such that w is also in Ar-class.
Corollary 2.2. Let w ∈ Ap, 1 < p < ∞. Then, there exists a δ > 0 and
C > 0 such that for any sphere S and for any subset E of S, we have
(2.6) w(E)|S|δ ≤ Cw(S)|E|δ .
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2.2. Maximal function. For f ∈ L1loc(K), the Hardy-Littlewood maximal
function Mf is defined analogously as in the Euclidean spaces by
Mf(x) = sup
1
|S|
∫
S
= |f(y)| dy, x ∈ K,
where the supremum is taken over all spheres S containing x. The spheres
in a local field are dyadic in nature, in the sense that given any two spheres,
either they are disjoint or one sphere contains the other (see Proposition 2.1).
So, the maximal functionM is more or less like the dyadic maximal function
in Rn, but in contrast to Rn, in a local field Mf can never be zero at any
point unless f = 0.
Next, for 1 < s < ∞, we define Msf(x) =
(
M |f |s(x)
) 1
s . We also define
the sharp maximal function f ♯ analogously as in Rn. For f ∈ L1loc(K),
f ♯(x) = sup
x∈S
1
|S|
∫
S
|f(y)− fS| dy,
where fS =
1
|S|
∫
S
f(x) dx is the average of f over the sphere S, and the
supremum is taken over all spheres S containing x.
3. Maximal function and Ap-weights
On the Euclidean spaces, it is well-known that the Hardy-Littlewood max-
imal operator is bounded on Lp(w) for Ap-weights. Several proofs of this
fact are available in the literature and almost all of these proofs can be
adapted to the set up of local fields, for example, see [4]. In [4], the authors
assumed that the weights w satisfy a doubling condition. For our proof
of the main result, we need this result which is applicable to weights not
necessarily having the doubling property. In this section, we improve their
result by removing the doubling condition. We also talk about the relation
between the operator norm of M on Lp(w) and the Ap-characteristic of w
in the sense of Buckley [3].
The theory of weighted norm inequalities for maximal operator can also
be extended to the more general set up of the spaces of homogeneous type,
see [9]. Observe that local fields are spaces of homogeneous type. In an-
other direction, Paternostro and Rela [12] in a recent article considered this
problem on general locally compact abelian groups satisfying certain prop-
erties. We will briefly describe their set up and the corresponding results
and deduce boundedness of the maximal operator M on weighted spaces in
local fields without any restriction on the weights.
Paternostro and Rela defined a covering family in a locally compact
abelian group as follows. Let G be a locally compact abelian group with a
measure µ that is inner regular and such that µ(K) <∞ for every compact
set K ⊂ G.
Definition 3.1. A collection {Ui : i ∈ Z} is a covering family for G if
{Ui : i ∈ Z} is an increasing base of relatively compact neighbourhoods of
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0,
⋃
i∈Z Ui = G,
⋂
i∈Z Ui = {0}, and there exists a constant D ≥ 1 and an
increasing function θ : Z→ Z such that for any i ∈ Z and any x ∈ G
(a) i ≤ θ(i);
(b) Ui − Ui ⊂ Uθ(i);
(c) µ(x+ Uθ(i)) ≤ Dµ(x+ Ui).
For each x ∈ G, the set x+Ui will be called a base set and the collection
of all base sets will be denoted by B = {x + Ui : x ∈ G, i ∈ Z}. Then,
they defined the Hardy-Littlewood maximal function and the Ap-weights
analogous to the Euclidean spaces and proved the following result in the
context of locally compact abelian groups.
Theorem 3.1. Let M be the Hardy-Littlewood maximal function on G,
1 < p < ∞ and w ∈ Ap. Then there exists a constant Cp,n > 0 such that
‖M‖Lp(w) ≤ Cp,n[w]
1
p−1
Ap
.
In the present case of local fields, we take Ui = P
i, i ∈ Z, θ to be the
identity function on Z and µ is the Haar measure on K. Then, it is easy to
see that {Pi : i ∈ Z} is a covering family of K. Hence, Theorem 3.1 can be
applied to local fields to obtain the boundedness of the Hardy-Littlewood
maximal operator. In [4], the authors assumed that the weights w satisfy
a doubling condition. By Theorem 3.1, we observe that this assumption is
not needed.
In the Euclidean spaces Rn, Buckley proved that ‖M‖Lp(w) ≤ C[w]
1
p−1
Ap
and the power [w]
1
p−1
Ap
is best possible. We will show that an analogous result
also holds in local fields. First, we construct weights on K satisfying the
doubling condition but not in the Ap-class.
3.1. Examples of doubling weights. Let w(x) = |x|α. We will show that
w is a doubling weight if α > −1. We first compute the integral
∫
Pk
|x|α dx.
We have ∫
Pk
|x|α dx =
−k∑
l=−∞
∫
{x:|x|=ql}
|x|α dx
=
−k∑
l=−∞
qαl|{x : |x| = ql}|
=
−k∑
l=−∞
qαl(ql − ql−1)
=
(q − 1)qα−k(α+1)
qα+1 − 1
.
Note that α > −1 is necessary for the series in the above computation to
converge. Now, let S be any sphere. Then S is of the form x0+P
k for some
x0 ∈ K and k ∈ Z. We consider the cases (i) x0 ∈ P
k−1 and (ii) x0 6∈ P
k−1.
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(i) If x0 ∈ P
k−1, then x0 +P
k−1 = Pk−1. Since P−1 =
⋃q−1
l=0
(
u(l) +D
)
(see (2.3)), we have Pk−1 =
⋃q−1
l=0
(
pku(l) +Pk
)
. Also, if x ∈ pku(l) +Pk,
1 ≤ l ≤ q − 1, then |x| = q−k+1, by (2.1). Therefore,
w(x0 +P
k−1) = w(Pk−1)
=
∫
Pk
|x|α dx+
q−1∑
l=1
∫
Pk
|x|α dx
=
∫
Pk
|x|α dx+ (q − 1)qα(−k+1)|Pk|
=
(q − 1)qα−k(α+1)
qα+1 − 1
+ (q − 1)qα(1−k)−k
=
(q − 1)qα−k(α+1)
qα+1 − 1
qα+1.
Now, we compute w(x0 + P
k). If x0 is also in P
k, then x0 + P
k = Pk so
that
(3.1) w(x0 +P
k) =
∫
Pk
|x|α dx =
(q − 1)qα−k(α+1)
qα+1 − 1
,
and we get w(x0 + P
k−1) = qα+1w(x0 +P
k). If x0 ∈ P
k−1 \Pk, then for
any x ∈ x0 +P
k, |x| = |x0|. Hence,
∫
x0+Pk
|x|α dx = q−k−kα+α. Again, by
a similar computation, we get w(x0 +P
k−1) = (q−1)q
α+1
qα+1−1
w(x0 +P
k).
(ii) If x0 /∈ P
k−1, then x0 /∈ P
k. Therefore, for any x ∈ x0 + P
k−1 or
x ∈ x0+P
k, |x| = |x0|. Hence, w(x0+P
k) = |x0|
αq−k and w(x0+P
k−1) =
|x0|
αq−(k−1) so that w(x0 +P
k−1) = q · w(x0 +P
k).
Hence, |x|α is a doubling weight for α > −1.
3.2. Examples of doubling weights which are not in Ap-class. Here
we see that |x|α is an Ap-weight if and only if −1 < α < n(p−1). As above,
for any sphere x0 +P
k we consider two cases: x0 ∈ P
k and x0 6∈ P
k.
In the first case, by (3.1), we have( 1
|Pk|
∫
x0+Pk
|x|α dx
)( 1
|Pk|
∫
x0+Pk
|x|−
α
p−1 dx
)p−1
=
(q − 1)p
qα+1 − 1
·
(
q
− α
p−1
+1 − 1
)1−p
.
In the second case, it is easy to see that( 1
|Pk|
∫
x0+Pk
|x|α dx
)( 1
|Pk|
∫
x0+Pk
|x|−
α
p−1 dx
)p−1
= 1.
Hence, it follows that for −1 < α < p− 1, |x|α is in Ap-class. In particular,
for α = (p − 1)(1− θ), 0 < θ < 1, we have [w]Ap ∼
1
(qθ−1)p−1
.
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Remark 3.1. Note that these power weights are similar in structure to such
weights in Rn. Our proofs in the above examples are different. Moreover, in
contrast to the Euclidean cases, we are getting equality of the form w(x0 +
Pk−1) = Cw(x0 +P
k).
Now, we show that [w]
1
p−1
Ap
is best possible in the sense of Buckley. Let
w(x) = |x|(p−1)(1−θ), 0 < θ < 1. Then, as we noted above, [w]Ap ∼
1
(qθ−1)p−1
.
Put f(x) = |x|θ−11D. Let x0 ∈ D. Then, |x0| = q
−k for some k ∈ N0. It
is easy to see that 1
|Pk|
∫
Pk
|y|θ−1 dy ≥ f(x0)(1 − q
−1) 1
qθ−1
. Hence, for all
x ∈ K, Mf(x) ≥ f(x0)(1 − q
−1) 1
qθ−1
. Therefore,
‖Mf‖Lp(w) ≥ ‖f‖Lp(w)(1− q
−1)
1
qθ − 1
∼ [w]
1
p−1
Ap
.
Thus, we obtain the following result on the Hardy-Littlewood maximal op-
erator in local fields.
Theorem 3.2. Let M be the Hardy-Littlewood maximal function on a local
field K. If w ∈ Ap, then M is bounded on L
p(w) and ‖M‖Lp(w) ∼ [w]
1
p−1
Ap
.
Moreover, the power [w]
1
p−1
Ap
is best possible.
4. Proof of Theorem 1.1
In this section we prove our first main result. We first prove that (a) im-
plies (b).
Let 1 < p <∞, w ∈ Ap, and f ∈ L
p(D, w). Then f ∈ L1(D) since∫
D
|f(x)| dx =
(∫
D
|f(x)|pw(x) dx
) 1
p
(∫
D
w(x)
− 1
p−1 dx
) 1
p′
= ‖f‖Lp(D,w)
( 1
w(D)
) 1
p
<∞,
by Ho¨lder’s inequality and the fact that w ∈ Ap. Hence, we can define the
Fourier coefficients of f so that Snf makes sense. For functions on D, we
treat them as functions defined on K but supported on D. Let Dn be the
Dirichlet’s kernels defined by
Dn(x) =
n−1∑
k=0
χk(x), n ≥ 1, D0 ≡ 1,
and Φ0 be the characteristic function of D. Then, by this convention, we
have Dn = Φ0Dn and Snf = f ∗Dn, where the integration that defines the
convolution is over all of K.
Define
D♯n = χnDn and Tnf = D
♯
n ∗ f.
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The function D♯n is called the modified Dirichlet’s kernel. If x ∈ D, then
Snf(x) =
∫
D
f(y)Dn(x− y) dy
= χn(x)
∫
D
f(y)χn(y)χn(x− y)Dn(x− y) dy
= χn(x)
∫
D
(
χnf
)
(y)D♯n(x− y) dy.
Therefore,
(4.1) Snf = χn
(
Tn(χnf)
)
.
Thus, (1.2) will follow once we prove that Tn is bounded on L
p(D, w) and
the constant C is independent of n. By our convention, Dn
♯ = Φ0Dn
♯ is the
kernel of the operator Tn. We denote it by Kn. In [16], Taibleson proved
that the operators Tn, n ∈ N0, are uniformly bounded on L
p(D).
Theorem 4.1. Let 1 < p <∞. Then there is a constant Cp > 0, indepen-
dent of f ∈ Lp(D) and n, such that ‖Tnf‖p ≤ Cp‖f‖p.
We note that Tnf is supported in D. Using the above theorem and
the reverse Ho¨lder inequality for Ap-weights, it is easy to see that Tnf ∈
Lp(D, w) and hence Tnf ∈ L
p(w), 1 < p < ∞. Then, from Theorem 3.2,
it follows that M(Tnf) lies in L
p(w). The first step towards proving the
inequality (1.2) is to show that the Lp(w)-norms of M(Tnf) and (Tnf)
♯ are
comparable. The following lemma justifies this step.
Lemma 4.1. Let 1 < p < ∞ and w ∈ Ap. Then, there exists a constant
C > 0, depending only on p and w, such that∫
K
Mf(x)pw(x) dx ≤ C
∫
K
f ♯(x)
p
w(x) dx(4.2)
for every f ∈ Lp(w).
We postpone the proof of this lemma and continue with the proof of
(a) implies (b). We have∫
D
|Tnf(x)|
pw(x) dx ≤
∫
K
M
(
Tnf(x)
)p
w(x) dx
≤ C
∫
K
(
(Tnf)
♯(x)
)p
w(x) dx.(4.3)
At this step we need the following pointwise relation between (Tnf)
♯ and
Msf .
Lemma 4.2. Let 1 < s < ∞. There is a constant C > 0, depending only
on s, such that for any compactly supported continuous function f on D,
n = 1, 2, . . . ,
(4.4) (Tnf)
♯(x) ≤ CMsf(x) for a.e.x.
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Once we have this result, inequality (1.2) will follow easily. Indeed, we
have ∫
D
|Tnf(x)|
pw(x) dx ≤ C
∫
K
(
(Tnf)
♯(x)
)p
w(x) dx
≤ Cs,p
p
∫
K
Msf(x)
pw(x) dx.(4.5)
Then, using Theorem 3.2 and Corollary 2.1,∫
D
|Tnf(x)|
pw(x) dx ≤ C
∫
D
|f(x)|pw(x) dx.
We also note that the constant C is independent of n. Hence, modulo
Lemma 4.1 and Lemma 4.2, the inequality (1.2) follows for all f ∈ Cc(D).
For general f ∈ Lp(D, w), we extend Tn by continuity and call it T˜n.
This can be done as Cc(D) is dense in L
p(D, w), 1 < p <∞. Then T˜n coin-
cides with the usual definition of Tn because for any sequence {fl} in C(D)
converging to f in Lp(D, w), {Tnfl} goes to Tnf in L
p(D, w) by Young’s
inequality, and hence T˜n = Tn.
For 1 < p < ∞, the density of Cc(D) in L
p(D, w) can be seen as fol-
lows. Clearly, it suffices to show that Cc(K) is dense in L
p(w), 1 < p <
∞. Let f ∈ Lp(w) and ǫ > 0. Then, there exists N > 0 such that∫
{x:|f(x)|>N} |f(x)|
pw(x) dx < ( ǫ4 )
p. Now, write f = f1 + f2, where f1 is
the restriction of f to the set {x : |f(x)| ≤ N}. Then, there exists a k ∈ Z
such that
∫
K\Pk |f1(x)|
pw(x) dx < ( ǫ4 )
p. Also by absolute continuity prop-
erty of integration, there exists δ > 0 such that whenever |Ω| < δ, Ω ⊂ Pk,
we have
∫
Ω |f1(x)|
pw(x) dx < ( ǫ4)
p and
∫
Ωw(x) dx < (
ǫ
4N )
p. By Lusin’s
theorem, there exists g ∈ C(Pk) such that |{x : f1(x) 6= g(x)}| < δ and
‖g‖∞ ≤ N . Then, using Ho¨lder’s inequality and above inequality, we get
our desired inequality.
Therefore, to complete the proof of (a) implies (b), it remains to show
that Lemma 4.1 and Lemma 4.2 are valid. We now proceed to prove these
lemmas.
Proof of Lemma 4.1. The main step to prove the inequality (4.2) is to verify
certain inequalities for the distribution functions of Mf and f ♯, known as
“good-λ inequality” in the literature. For more details, see chapter XIII, [18].
More precisely, using Corollary 2.2 and the weak type (1, 1) property of the
maximal operator M (see Thoerem 1.13, Chapter II in [17]) we shall prove
that for any non-negative function f ∈ Lp(w) and for any arbitrary fixed
θ, λ > 0, we have
w({x ∈ K : Mf(x) > 2λ, f ♯(x) ≤ θλ})
≤ Cqδθδw({x ∈ K : Mf(x) > λ}).(4.6)
Inequality (4.2) will follow easily now. Indeed, first we observe that
{Mf > 2λ} ⊆ {Mf > 2λ, f ♯ ≤ θλ} ∪ {Mf > 2λ, f ♯ > θλ }
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Therefore, (4.6) implies that
w{Mf > 2λ} ≤ Cqδθδw{Mf > λ}+ w{Mf > 2λ, f ♯ > θλ}
≤ Cqδθδw{Mf > λ}+ w{f ♯ > θλ}.
Thus, ∫
K
Mfpw dx = 2pp
∫ ∞
0
λp−1w{Mf > 2λ} dλ
≤ 2pCqδθδp
∫ ∞
0
λp−1w{Mf > λ} dλ
+2pp
∫ ∞
0
λp−1w{f ♯ > θλ} dλ
= 2pCqδθδ
∫
K
Mfpw dx+
2p
θp
∫
K
(f ♯)pw dx.
Then, choosing θ sufficiently small, we obtain the desired inequality.
We now proceed to prove (4.6). By Caldero´n-Zygmund decomposition
of f at height λ > 0, there is a countable collection of pairwise disjoint,
maximal spheres {Sj}j≥1 such that
Eλ := {x ∈ K : Mf(x) > λ} =
⋃
j
Sj.
For a proof, see [13] or [17], Chapter III. Therefore, it is enough to verify
the following inequality:
(4.7) w({x ∈ S : Mf(x) > 2λ, f ♯(x) ≤ θλ}) ≤ Cqδθδw(S)
for all such spheres S. We further notice that, by Corollary 2.2, inequal-
ity (4.7) follows from the estimate
(4.8) |{x ∈ S : Mf(x) > 2λ, f ♯(x) ≤ θλ}| ≤ θq|S|.
We now give a proof of the inequality (4.8).
Let S be one of such spheres Sj’s so that S = y+P
k for some y ∈ K and
k ∈ Z. Choose x ∈ S such that the conditions Mf(x) > 2λ and f ♯(x) ≤ θλ
are satisfied. Then, it follows from the first condition that M(f1S)(x) > 2λ
holds as there exists a sphere T such that 1|T |
∫
T
f(y) dy > 2λ > λ. Now,
consider the sphere S′ = y + Pk−1. It follows from the sublinearity of M
that M((f − fS′)1S)(x) > λ for all such x. Then, applying weak type (1, 1)
property of M , we get
|{x ∈ S :M(f − fS′)1S(x) > λ}| ≤
1
λ
∫
S
|f(x)− fS′ | dx
≤
q
λ
|S| inf
x∈S
f ♯(x).(4.9)
Therefore, for all such x ∈ S, we have
|{x ∈ S :Mf(x) > 2λ, f ♯(x) ≤ θλ}|
≤ |{x ∈ S : M(f − fS′)1S(x) > λ}|
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≤
q
λ
|S| inf
x∈S
f ♯(x) ≤ θq|S|.
Hence, inequality (4.8) is proved and the proof of the lemma is complete. 
Proof of Lemma 4.2. Let ‖f‖∗ = ‖f
♯‖∞. First we observe that
(4.10)
1
2
‖f‖∗ ≤ sup
S
inf
α∈C
1
|S|
∫
S
|f(x)− α| dx.
To see this, we note that for all α ∈ C,∫
S
|f(x)− fS| dx ≤
∫
S
|f(x)− α| dx+
∫
S
|α− fS| dx ≤ 2
∫
S
|f(x)− α| dx.
Now, we divide the both sides by |S|, take the infimum over α ∈ C and
supremum over all spheres S to get (4.10).
Fix s > 1, x ∈ K and any sphere S containing x. By (4.10), it is enough
to show that there exists a constant α such that
1
|S|
∫
S
|Tnf(y)− α| dy ≤ CMsf(x).
Now, for any l ∈ Z, the integral
(4.11) Il =
∫
|y−x|≥ql
Kn(x− y)f(y) dy
exists since |Kn(x)| ≤
q
|x| holds for all x ∈ K
∗. The last mentioned property
of Kn can be proved as follows. Since the kernels Kn are supported on D,
we take x ∈ D and x 6= 0. Then, |x| = q−l+1 for some l ≥ 1. We write
n = rql + t, 0 ≤ t < ql. Next, we observe that
Dn(x) = Drql+t(x) =
r−1∑
j=0
χjql(x) ·
ql−1∑
k=0
χk(x) + χrql(x)
t−1∑
k=0
χk(x)
= Dr(p
−lx) ·Dql(x) + χr(p
−lx)Dt(x).
Since |x| = q−l+1, we have Dql(x) = 0. Therefore,
|Dn(x)| = |χr(p
−lx)Dt(x)| ≤ t < q
l =
q
|x|
.
Hence, we get |Kn(x)| ≤
q
|x| for all x ∈ K
∗.
Now, we decompose f as follows: f = f1+ f2, where f1 = f ·1{y:|y−x|<ql}.
Then, by linearity of Tn, it follows that
(4.12) |Tnf(y)− Il| ≤ |Tnf1(y)|+ |Tnf2(y)− Il|.
Since s > 1, Tn is bounded on L
s(K) by Theorem 4.1. By Ho¨lder’s inequal-
ity, we have
1
ql−1
∫
|y−x|<ql
|Tnf1(y)| dy ≤
1
ql−1
(∫
|y−x|<ql
|Tnf1(y)|
s dy
) 1
s
· (ql−1)
1
s′
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≤
C
ql−1
(∫
|y−x|<ql
|f(y)|s dy
) 1
s
· (ql−1)
1
s′
≤ CMsf(x),
We also note that
(4.13)
∫
|y−x|<ql
∫
|z−x|≥ql
∣∣∣Kn(y − z)−Kn(x− z)∣∣∣|f(z)| dz dy = 0.
This follows from the fact that Kn(x − y) = Kn(x) for all x, y ∈ K and
|y| < |x|. To see this, we need to consider only x, y ∈ D and |y| < |x| as
the kernels Kn are supported on D and the norm is ultrametric. In the
proof of Theorem 4 of [16], it has been shown that K̂n(x + y) = K̂n(x)
whenever |y| < |x|. Then applying Lemma 2.1, Chapter VI of [17] to Φ0K̂n,
we see that Kn(x + y) = Kn(x) holds whenever |y| < |x| and x, y ∈ D and
hence (4.13) follows.
Therefore, from these two estimates, it follows that
(4.14)
1
ql−1
∫
|y−x|<ql
|Tnf(y)− Il| dy ≤ CMsf(x)
which implies (4.4). This completes the proof of the lemma. 
Proof of (b) implies (a). First we observe that, it is enough to show that
inequality (1.1) holds for all spheres S with |S| ≤ 1. In fact, let S be any
sphere with |S| > 1, then |S| = qk for some k ≥ 1. Since S =
⋃qk
i=1(u(li)+D),
we observe that
1
|S|
∫
S
w(x) dx =
1
|S|
qk∑
i=1
∫
D
w(x) dx =
∫
D
w(x) dx,
which reduces to the case when |S| ≤ 1. Therefore, we assume that |S| ≤ 1.
Then, |S| = q−r for some r ∈ N0 and S ⊂ u(l) + D, where l ∈ N0. Let f
be a non-negative function on S and 0 on
(
u(l) + D
)
\S. Extend f to K
Λ-periodically. Now, for any x ∈ S, we have
Sqrf(x) =
∫
S
f(y)Dqr(x− y) dy =
∫
S
f(y)qr dy =
1
|S|
∫
S
f(y) dy
since S = x+Pr and for y ∈ S implies that y−x ∈ Pr and also Dqr(x) = q
r,
if x ∈ Pr, for r ≥ 0. Hence, we get(∫
S
w(x) dx
)( 1
|S|
∫
S
f(y) dy
)p
≤ C
∫
S
|f(x)|pw(x) dx.
Then, by a standard argument as in page 247 in [8], we get (1.1) from the
above inequality. 
Proof of (b) implies (c). First, we observe that w ∈ L1(D) as we have al-
ready proved that (b) implies (a). By a simple application of Ho¨lder’s in-
equality and duality property of Ap-weights, it is easy to see that for every
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f ∈ Lp(D, w), we have f ∈ L1(D). Let V = {
∑
k ckχk : k ∈ N0}, the vec-
tor space of all finite linear combination of characters of D. Then, for any
g ∈ V , there exists n ∈ N0 large enough, depending on g, such that Sng = g.
Therefore, it suffices to show that the space V is dense in Lp(D, w).
In the proof (a) implies (b), we have shown that C(D) is dense in Lp(D, w).
Next, we show that V is dense in C(D) in the L∞-norm. In fact, for l ≥ 0,
we have Dql = q
lΦk, where Φk = 1Pk (see Lemma 6.7, Chapter II in [17].
Then, for any f ∈ C(D) and x ∈ D, we have,
|Sqlf(x)− f(x)| =
∣∣∣ql ∫
|z−x|≤q−l
(
f(x− z)− f(x)
)
dz
∣∣∣.
Now, from uniform continuity of f ∈ C(D), for any ǫ > 0, there exists
k > 0 such that |f(x − z) − f(x)| < ǫ whenever |z| ≤ q−k. Using this in
the above equation, we see that |Sqlf(x)− f(x)| < ǫ for l ≥ k, independent
of x. Actually, here the convergence is uniform. Therefore, using the fact
that w ∈ L1(D), it is easy to see that the space V is dense in Lp(D, w) and
hence (c) follows. 
Proof of (c) implies (b). We observe that the statement (b) says that the
operators {Sn : n ∈ N0}, are uniformly bounded on L
p(D, w). Therefore, to
achieve this, it is enough to show that for each n ∈ N0, the mapping from f to
Snf is a bounded operator in the space L
p(D, w) and supn ‖Snf‖Lp(w) <∞
for every f ∈ Lp(D, w) if w and w−
1
p−1 are in L1(D), by uniform boundedness
principle. But, the pointwise boundedness follows from condition (c) and
the proofs of the facts that w and w
− 1
p−1 are in L1(D) are essentially the
same as in [8], page 246, and can be omitted. 
5. Application to Schauder bases
Let K be a local field of positive characteristic and ϕ ∈ L2(K). Define
Vϕ = span{ϕ(· − u(k)) : k ∈ N0},
the closure in L2(K) of the finite linear combinations of translates of ϕ by
elements of Λ = {u(k) : k ∈ N0}. Such a space is called a principal shift-
invariant space. In general, a closed subspace V of L2(K) is called a shift-
invariant space if f(· − u(k)) ∈ V for all f ∈ V and k ∈ N0. Shift-invariant
spaces play a very important role in the study of wavelets. For example, in
a multiresolution analysis, the space V0 is a principal shift-invariant space
and the wavelet space W0 is, in general, a shift-invariant space. In [1], we
used the properties of shift-invariant spaces to provide a characterization of
wavelets in a local field of positive characteristic.
In this section, we characterize all ϕ ∈ L2(K) so that the system of
translates {ϕ(· − u(k)) : k ∈ N0} forms a Schauder basis for Vϕ. Here, N0 is
ordered with the usual order, i.e., as 0, 1, 2, . . . . The reason for taking K to
be of positive characteristic is that the translation set Λ = {u(k) : k ∈ N0}
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forms a subgroup of the additive group K+ (see Proposition 2.3) so that the
periodization of |ϕˆ|2, given by
wϕ(ξ) =
∑
k∈N0
|ϕˆ(ξ + u(k))|2,
is Λ-periodic. Indeed, by Proposition 2.3(c), we have
wϕ(ξ + u(l)) =
∑
k∈N0
|ϕˆ(ξ + u(l) + u(k))|2 =
∑
k∈N0
|ϕˆ(ξ + u(k))|2 = wϕ(ξ),
for a.e. ξ ∈ K.
It can be shown that the map Jϕ : L
2(D, wϕ) → Vϕ, given by Jϕf =
(fϕˆ)∨, is an isometry, where f∨ is the inverse Fourier transform of f . For a
proof of this fact, we refer to [1].
Note that (Jϕχk)
∧ = χkϕˆ = [ϕ(· − u(k))]
∧ so that Jϕ maps χk to ϕ(· −
u(k)). Thus, various properties of {ϕ(· − u(k)) : k ∈ N0} on Vϕ correspond
to similar properties of the system {χk : k ∈ N0} on L
2(D, wϕ). Therefore,
our original problem is equivalent to the problem of finding conditions on
wϕ so that {χk : k ∈ N0} forms a Schauder basis for L
2(D, wϕ).
Let us recall some standard facts about bases in a Banach space B. A
sequence {xk : k ∈ N0} of elements of B is called a Schauder basis for B if
for every x ∈ B there exists a unique sequence {αk : k ∈ N0} of scalars such
that
x =
∑
k∈N0
αkxk,
where the partial sums of the series converge in the norm of B, that is,
lim
N→∞
∥∥∥x− N∑
k=0
αkxk
∥∥∥ = 0.
Let {xn : n ∈ N0} be a sequence in a Hilbert space H. A sequence
{x˜n : n ∈ N0} inH is said to be biorthogonal to {xn : n ∈ N0} if 〈xk, x˜l〉 = δk,l
for all k, l ∈ N0. It is easy to verify that if {xn : n ∈ N0} is complete in
H, that is, if span{xn : n ∈ N0} = H, then there is a unique sequence
{x˜n : n ∈ N0} ⊂ H which is biorthogonal to {xn : n ∈ N0}. Such a sequence
is called the biorthogonal dual of {xn : n ∈ N0}. Every Schauder basis has a
unique biorthogonal dual.
Let H = Vϕ. Suppose there exists ϕ˜ ∈ Vϕ such that 〈ϕ(·−u(k)), ϕ˜〉 = δk,0
for all k ∈ N0. Now,
〈ϕ(· − u(k)), ϕ˜(· − u(l))〉 = 〈ϕ(· − (u(k)− u(l))), ϕ˜〉
If k = l, then the above inner product is equal to 〈ϕ, ϕ˜〉 = 1. If k 6= l, then
u(k) − u(l) = u(m) 6= 0, by Proposition 2.3. Hence, m 6= 0. So, the inner
product is equal to δm,0 = 0. Thus, 〈ϕ(· − u(k)), ϕ˜(· − u(l))〉 = δk,l That is,
if there exists ϕ˜ ∈ Vϕ such that 〈ϕ(· − u(k)), ϕ˜〉 = δk,0 for all k ∈ N0, then
{ϕ˜(· − u(k)) : k ∈ N0} is a biorthogonal dual of {ϕ(· − u(k)) : k ∈ N0}. The
function ϕ˜ will then be called the canonical dual function to ϕ. As above,
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if it exists, then it is unique. We will need the following result. For a proof,
we refer to [15] (see Theorem 4.1, Chapter 1).
Lemma 5.1. A complete sequence {xn : n ∈ N0} with biorthogonal dual
{x˜n : n ∈ N0} is a Schauder basis for H if and only if the partial sum
operators
sn(x) =
n−1∑
k=0
〈x, yk〉xk
are uniformly bounded in H.
The following result provides a necessary and sufficient condition for the
existence of a canonical dual.
Proposition 5.1. Let ϕ ∈ L2(K). There exists a canonical dual ϕ˜ of ϕ in
Vϕ if and only if
1
wϕ
∈ L1(D). In this case, ϕ˜ = ( 1
wϕ
ϕˆ)∨.
Proof. Since the map Jϕ : L
2(D, wϕ) → Vϕ is an isometry, ϕ˜ ∈ Vϕ if and
only if there exists a unique m in L2(D, wϕ) such that ̂˜ϕ = mϕˆ. Moreover,
to be a canonical dual, ϕ˜ must satisfy 〈ϕ(· − u(k)), ϕ˜〉 = δk,0 for all k ∈ N0.
But
〈ϕ(· − u(k)), ϕ˜〉 =
∫
K
ϕˆ(ξ)χk(ξ)̂˜ϕ(ξ) dξ
=
∫
K
m(ξ)|ϕˆ(ξ)|2χk(ξ) dξ
=
∫
D
m(ξ)wϕ(ξ)χk(ξ) dξ
= (mwϕ)
∧(u(k)).
Thus, the k-th Fourier coefficient of mwϕ is equal to δk,0 for all k ∈ N0.
This will happen if and only if mwϕ = 1 for a.e. ξ ∈ D. Since wϕ is real-
valued, we have m = m = 1
wϕ
. Finally, m = 1
wϕ
∈ L2(D, wϕ) if and only if∫
D
1
w2ϕ(ξ)
wϕ(ξ) dξ =
∫
D
1
wϕ(ξ)
dξ <∞ if and only if 1
wϕ
∈ L1(D). 
A weight w is said to be an A2(D)-weight if w is Λ-periodic and there
exists a constant C > 0 such that( 1
|S|
∫
S
w(x) dx
)( 1
|S|
∫
S
w(x)
− 1
p−1 dx
)p−1
≤ C
for all spheres S ⊆ D. In this case, we say that w ∈ A2(D).
We are now ready to prove Theorem 1.4.
Proof of Theorem 1.4 . Let {ϕ(· − u(k)) : k ∈ N0} be a Schauder basis for
Vϕ. Then, since Jϕ is an isometry, {χk : k ∈ N0} is a Schauder basis for
L2(D, wϕ). Let {zk : k ∈ N0} be the biorthogonal dual of {χk : k ∈ N0} in
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L2(D, wϕ). By Proposition 5.1,
1
wϕ
∈ L1(D). In particular, wϕ > 0 a.e. We
have,
δk,l = 〈χk, zl〉L2(D,wϕ) =
∫
D
χk(ξ)zl(ξ)wϕ dξ =
∫
D
zl(ξ)wϕ(ξ)χk(ξ) dξ.
Hence, the function zlwϕ has all but the l-th Fourier coefficient are zero. By
the uniqueness of Fourier coefficients, we have zlwϕ = χl, l ∈ N0. Now, an
easy computation shows that for any f ∈ L2(D, wϕ), we have
(5.1) 〈f, zk〉L2(D,wϕ) = 〈f, χk〉L2(D).
Now, we define
snf =
n−1∑
k=0
〈f, zk〉L2(D,wϕ)χk.
Since {χk : k ∈ N0} is a Schauder basis for L
2(D, wϕ) with biorthogonal
dual {zk : k ∈ N0}, the partial sum operators sn : L
2(D, wϕ) → L
2(D, wϕ),
n ∈ N0, are uniformly bounded, by Lemma 5.1. But, from (5.1), we see that
snf = Snf , the usual partial sums of the Fourier series of f . Hence, Sn :
L2(D, wϕ)→ L
2(D, wϕ) are uniformly bounded. Therefore, by Theorem 1.1,
it follows that wϕ ∈ A2(D).
Conversely, suppose that wϕ ∈ A2(D). Then wϕ > 0 a.e. and
1
wϕ
∈ L1(D).
Hence, {zk =
χk
wϕ
: k ∈ N0} is the biorthogonal dual of the complete sys-
tem {χk : k ∈ N0}. Again, since 〈f, zk〉L2(D,wϕ) = 〈f, χk〉L2(D), we see
that the operator sn coincides with the Fourier partial sum operator Sn.
By Theorem 1.1, Sn : L
2(D, wϕ) → L
2(D, wϕ) are uniformly bounded.
Hence, sn : L
2(D, wϕ) → L
2(D, wϕ) are also uniformly bounded. Again,
by Lemma 5.1, {χk : k ∈ N0} is a Schauder basis for L
2(D, wϕ) which, in
turn, shows that {ϕ(· − u(k)) : k ∈ N0} is a Schauder basis for Vϕ. 
We conclude the article with a proof of Theorem 1.3.
Proof of Theorem 1.3. Suppose Ω tiles Qp by translations. Then, by The-
orem 1.2, Ω is a spectral set. That is, there is a subset Γ of Qp such that
{χγ : γ ∈ Γ} forms an orthonormal basis for L
2(Ω). We have to show that
the system of translates {ϕ(· − γ) : γ ∈ Γ} forms an orthonormal basis for
V (ϕ,Γ).
Let f ∈ V (ϕ,Γ). Observe that the Fourier transform fˆ of f is sup-
ported on Ω and hence fˆ ∈ L2(Ω). Since |ϕˆ| = 1 on Ω, fˆ /ϕˆ ∈ L2(Ω).
Now, since {χγ : γ ∈ Γ} is an orthonormal basis for L
2(Ω), we have
fˆ
ϕˆ
=
∑
γ∈Γ〈
fˆ
ϕˆ
, χγ〉χγ . Using |ϕˆ|
2 = 1 and [ϕ(· − γ)]∧ = ϕˆχγ , we get
fˆ
ϕˆ
=
∑
γ∈Γ
〈
fˆ , 1
ϕˆ
χγ
〉
χγ =
∑
γ∈Γ
〈fˆ , ϕˆχγ〉χγ =
∑
γ∈Γ
〈f, ϕ(· − γ)〉χγ .
WEIGHTED INEQUALITIES FOR FOURIER SERIES ON LOCAL FIELDS 21
Hence,
fˆ =
∑
γ∈Γ
〈f, ϕ(· − γ)〉ϕˆχγ =
∑
γ∈Γ
〈f, ϕ(· − γ)〉[ϕ(· − γ)]∧.
Therefore,
f =
∑
γ∈Γ
〈f, ϕ(· − γ)〉ϕ(· − γ).
To see the orthonormality of {ϕ(· − γ) : γ ∈ Γ}, we observe that
〈ϕ(· − γ), ϕ(· − λ)〉 = 〈ϕˆχγ , ϕˆχλ〉 = 〈χγ , χλ〉 = δγ,λ.
Here, we have used Parseval’s identity and the fact that |ϕˆ|2 = 1 on Ω.
Conversely, suppose there is a countable set Γ for which {ϕ(·−γ) : γ ∈ Γ}
forms an orthonormal basis for V (ϕ,Γ). Then, by a similar argument as
above, {χγ : γ ∈ Γ} forms an orthonormal basis for L
2(Ω) and then by
Theorem 1.2, we conclude that Ω tiles Qp by translations. 
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